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ABSTRACT 
This paper investigates the vibration dynamics of a 
closed-chain, cross-coupled architecture of MEMS 
resonators. The system presented here is electrostatically 
transduced and operates at 1.04 MHz. Curve veering of 
the eigenvalue loci is used to experimentally quantify the 
coupling spring constants. Numerical simulations of the 
motional resistance variation against induced perturbation 
are used to assess the robustness of the cross-coupled 
system as opposed to equivalent traditional open-ended 
linear one-dimensional coupling scheme. Results show 
improvements of as much as 32% in the motional 
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INTRODUCTION 
The demand for reduced size, low power wireless 
transceiver systems in consumer electronics has pushed 
research interests towards the design and development of 
low power, small footprint and single chip CMOS 
integrated solutions in recent years. The potential of 
Micro Electro Mechanical Systems (MEMS) technology 
to meet some of these requirements has led to the recent 
development and adoption of miniaturized, silicon micro-
machined mechanical resonators for operation as timing 
references [1]. Such micro-resonators, unlike their 
traditional quartz crystal counterparts, are manufactured 
using silicon micro-fabrication techniques and offer 
considerably smaller form factor. Apart from the small 
size, electrostatically transduced MEMS resonators have 
also been shown to provide a number of advantages 
including - high mechanical quality factors (Q), low static 
power dissipation and CMOS manufacturing 
compatibility making them attractive alternatives to quartz 
based timing references. However, such silicon micro-
resonators are still limited by their high motional 
resistance (Rx) that consequently hinders direct 
deployment in RF front-end applications. Although one-
dimensional (1D-κ) mechanical coupling of micro-
resonators (see discrete element model in Fig. 1) has been 
suggested as a potential route to help reduce the Rx of 
such devices [2]-[3], weakly coupled micro-mechanical 
devices are highly prone to the effects of mode 
localization arising from structural asymmetries induced 
by manufacturing tolerances.  
This effect often results in non-uniform reductions in 
Rx from the case of perfect symmetry [4]. While it is 
possible to tune the structural symmetry and consequently 
improve conformity in Rx reduction [3]-[4], this method 
still remains impractical for larger 1D-κ arrays. Having a 
post manufacturing trimming process would require each 
of the subsequent resonators to have its own tuning 
electrode in order to achieve perfect structural symmetry.  
 
Figure 1: Undamped discrete element model of 1D-κ, (4-
DOF) system with resonator spring constant (k), mass (m) 
and inter-resonator coupling (kc). 
Alternative design methodologies have been 
investigated to help improve the immunity of such 1D-κ 
arrays to the impact of manufacturing tolerances in the 
context of their use as electro-mechanical filters. More 
specifically, two-dimensional coupling [5] as well as 
cyclic coupling architectures [6] have been shown 
experimentally and numerically to provide improved 
insertion loss and ripple characteristics, indicating an 
enhancement in robustness to localization effects relative 
to their 1D-κ counterparts.  
Building on these results, this paper investigates an 
alternative coupling architecture for weakly coupled 
MEMS resonators. This coupling scheme could 
potentially help improve the immunity of these devices 
against process variations and allow for a predictable 
reduction in Rx without the need for substantial structural 
tuning. The proposed design corresponds to a closed-
chain, cross-coupled architecture and involves both direct 
coupling between adjacent resonators along with cross-
coupling between non-adjacent resonators.  
 
THEORY 
Vibration confinement in coupled resonators 
The presence of small imperfections in an array of 
identically designed resonators leads to a distortion in the 
vibratory mode shape from the case of a structurally 
symmetric system [7]. The vibration energy becomes 
spatially localized and does not extend throughout the 
structures anymore. Assuming small structural 
perturbations are present in the system shown in Fig. 1, 
the variations in the eigenstates resulting from these 
perturbations are inversely proportional to the normalized 
inter-resonator coupling [8] which is defined as κ = kc/k.  
Vibration mode localization has been successfully 
implemented in ultra-sensitive sensors [8] using weakly 
coupled micro-resonators. While this effect can be 
beneficial for improving the parametric sensitivity and 
environmental immunity in a sensing context, the 
confinement of the vibration energy can be detrimental for 
achieving low Rx values using long chains of weakly 
coupled micro-mechanical resonators [4]. One possible 
approach to improving the immunity to structural 
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perturbations is to increase the number of paths for the 
vibration energy to flow within the system (i.e. provide 
additional coupling springs between resonators).  
 
Modeling of the cross-coupled MEMS resonator 
A study of the dynamics of energy propagation 
within a cross-coupled system is presented in this paper, 
through theoretical and experimental evaluation, to help 
determine the impact of fabrication tolerances on the 
achievable Rx of the system. These experiments are 
conducted by characterizing a 1.04 MHz cross-coupled 
system (see optical micrograph of Fig. 2) designed using a 
foundry SOI-MEMS process. It comprises four 
electrostatically transduced, double-ended tuning fork 
(DETF) resonators, mechanically coupled through a 
common base. Each DETF tine is 195 μm long, 5 μm 
wide and 25 μm thick. The gap between individual tines is 
6 μm while the coupling square base has a 20 μm side 
length. The electro-mechanical transduction is 
implemented using parallel plate electrodes along the 
DETF tines with a designed air-gap spacing of 2 μm and 
overlap length of 145 μm. An appropriate combination of 
an ac input voltage vac with a dc-polarization VDC is 
sufficient to drive the micro-resonators into mechanical 
resonance. Sense electrodes are used to measure the 
resulting motional current im and extract the amplitude of 
vibration for each resonator. 
Fig. 3 illustrates a simplified undamped discrete 
element model of the cross-coupled MEMS system of Fig. 
2 where we assume that each DETF is discretely modeled 
as a spring k and mass m. In order to account for the 
spring coupling between individual DETF resonators, we 
define the normalized spring constants κ = kc/k and κx = 
kx/k as the adjacent and non-adjacent resonator coupling, 
respectively. With such a four-degree-of-freedom (4-
DOF) coupling network model, we can formulate the 
equation of motion of the cross-coupled system when 
externally driven by a force vector F as 
 
Figure 4: Experimentally measured motional currents 
resonators 1-4 from sense electrodes 1-4.  
Figure 2: Optical micrograph of the 1.04 MHz cross-
coupled system. 
 
Figure 3: Undamped discrete element model of the 1.04 
MHz cross-coupled system. 
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where the stiffness matrix K incorporates the spring 
stiffness ki of the ith DETF, adjacent kc and non-adjacent 
kx coupling terms and is formulated as 





























The response X(jω) of the system is then computed as 
( ) [ ] FCjMKjX 12 −+−= ωωω    (3) 
The fundamental tuning fork mode usually yields the 
highest quality factor Q when using DETF resonators. At 
this vibration mode, the pair of DETF tines vibrate out-of-
phase with respect to each other. Keeping the stiffness 
matrix expression as in (2) would only generate 
eigenmodes where the DETF tines vibrate in-phase. To 
conveniently model and simulate the vibration dynamics 
and achievable Rx of the cross-coupled system, the 
numerical simulations and results were based on an 8-
DOF system where the stiffness matrix K in (2) was 
modified to account for the strong inter-tine coupling 
within each DETF resonator. We define this augmented 
8x8 stiffness matrix as K’.      
EXPERIMENTS 
Extracting κ and κx   
We experimentally quantify the eigenvector u 
corresponding to the first vibratory mode of the coupled 
system by measuring motional currents im of each of the 
four coupled resonators (Fig. 4) through individual 
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transduction ports (Fig. 2). In the absence of any 
structural tuning, the measured responses indicate a 
degree of vibration localization arising purely from 
process variations. As seen in Fig. 4, most of the vibration 
energy is confined to Resonator 2 while the remaining 
three exhibit relatively identical vibration amplitudes at 
Mode 1. 
We conduct stiffness perturbation experiments to 
compare the extent of mode localization within the 
structure as opposed to the case of perfect symmetry. This 
is done by electrically softening the stiffness of Resonator 
1 (i.e. k2=k(1+δ) where δ = ∆k/k) by varying the VDC 
through the corresponding electrode and recording the 
response from Resonator 2. From Fig. 5 we see that as δ is 
increased, the eigenvalue of Mode 1 decreases, while 
those of Mode 2-4 remain relatively constant.  
The experimentally measured and simulated 
variations in the eigenvalue loci (i.e. λi = (ωi/ω0)2 with ω02 
= k/m) of λ1 (Mode 1) and λ4 (Mode 4) as a function of the 
induced stiffness perturbation δ are shown in Fig. 6. 
Results show that the eigenvalue loci of the two vibratory 
modes do not converge, but abruptly veer as they 
approach each other. This curve-veering phenomenon [7], 
which is typical of coupled mechanical systems, has also 
been reported in other weakly coupled MEMS resonators 
in [9]. Using (3) and K’, the normalized eigenvalues λ1 
and λ4 are found to be spaced apart by 2κ. This curve-
veering behavior therefore allows for an experimental 
quantification of the spring coupling between adjacent (κ 
= kc/k = 7.8x10-3) resonators. Consequently, the coupling 
between non-adjacent (κx = kx/k = 3.6x10-3) resonators is 
recovered as well. Using these values, we can fully 
reconstruct the 8-DOF spring mass system of the cross-
coupled device.  
From Fig. 6, the impact of manufacturing tolerances 
can be estimated as δ0 = ∆k0/k = -1.78x10-2. This is an 
estimate as we only take into account the variation in the 
stiffness of one particular DETF and keep all other 
parameters constant (i.e. no variations in the mass mi of a 
tuning fork, etc. are considered). In reality, this deviation 
from symmetry may be due to a combination of effects 
arising from process variations (e.g. under / over-etch of 
individual DETF tines, etc.). 
Robustness to structural perturbations 
 
Figure 5: Measured S21 curves from sense electrode 2 
for different values of induced electrical stiffness 
perturbations (δ=∆k/k) on Resonator 1. 
 
Figure 6: Experimentally observed curve veering of the 
eigenvalue loci for varying δ. 
In order to assess the robustness of having a cross-
coupled system to manufacturing tolerances, we 
numerically simulate the total motional current im and 
corresponding Rx of the coupled system assuming perfect 
structural symmetry (Table 1). Comparing im, Rx and 
eigenvector u at Mode 1 with analytical estimates 
indicates a good match between theory and measurements 
for an induced structural perturbation corresponding to the 
estimated δ = δ0. The simple 8-DOF spring mass model 
developed in the previous section is able to reproduce the 
same degree of vibration localization within the system as 
that obtained from experimental measurements.  
Although we are able to provide for an additional 
cross-axis coupling using the central common base, we 
see that the vibration is still confined to one of the 
resonators (Table 1, measured eigenvalue coefficient of 
0.823). Consequently, the system still suffers from 
localized vibrations as the measured Rx is 18% higher than 
what we would expect from a structurally symmetric 
system. However, from the simulated and measured u, the 
vibration energy distribution is approximately uniform 
within the other three resonators which would suggest a 
decrease in vibration confinement as a consequence of the 
additional cross-axis coupling. 
 
Table 1: Comparison between experimentally measured 
eigenvector u (at Mode 1) of the device of Fig. 2 with 

















Rx (kΩ) 63.68 75.13 76.84 


















Figure 7: Simulated variations in Rx as a function of the 
induced stiffness perturbation (δ=∆k/k) for a 1D-κ and a 
cross coupled system. 
 
Comparing against the 1D-κ scheme 
In order to evaluate further the benefit of cross-
coupling, we numerically compare the vibrational 
behavior of the cross-coupled system with a hypothetical 
1D-κ coupled array (e.g. undamped discrete model of Fig. 
1) where we set the inter-coupling strength as κ = 7.8x10-3 
(i.e. identical to the adjacent coupling strength estimated 
in the device of Fig. 2) and identical operating frequency. 
Fig. 7 compares variations in Rx of the cross-coupled 
resonators shown in Fig. 2 for varying values of δ, against 
those expected from a traditional 1D array comprising of 
similar DETF resonators. From Fig. 7, it is clear that an 
improvement in Rx of nearly 32% is observed for a typical 
structural asymmetry of δ = δ0. Furthermore, at the point 
of perfect symmetry (i.e. δ = 0), the cross-coupled 
configuration is able to achieve the same Rx as the 1D-κ. 
For the case of positive stiffness perturbation, we see 
that the Rx increase for the 1D-κ case is still larger than 
that of the cross-coupled system. The apparent non-
symmetry of the Rx plot as a function of δ may be due to 
the interaction of adjacent vibrational modes with the one 
studied. For negative δ, this interaction is lesser as the 
lower frequency eigenvalues are spaced much further 
away for this system. 
 
CONCLUSIONS 
This paper presents an experimental and numerical 
investigation of the impact of fabrication tolerances on the 
motional resistance of cross-coupled MEMS resonator 
arrays. We demonstrate and analytically quantify the 
impact of localized vibrations due to structural 
asymmetries by studying the eigenstates and the curve 
veering phenomenon within such systems.  
This is used to quantify the coupling spring constants 
within the system and complete the full discrete element 
model used to study the vibration dynamics of the cross-
coupled system. Consequently, this analysis may be used 
to estimate the impact of non-idealities on the motional 
resistance in these devices as opposed to structurally 
symmetric systems. Furthermore, the Rx variation as a 
function of induced stiffness perturbations show an 
improvement in the structural robustness to such 
perturbations of the cross-coupled system as opposed to 
its one-dimensional chain counterpart.  
These results motivate the use and detailed study of 
cross-coupled systems for improving the device immunity 
to manufacturing tolerances and in consequence, 
providing more predictable reductions in the Rx of 
mechanically coupled resonators. 
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